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Abstract
We indicate a way of distinguishing between structures, for
which, we call two structures distinguishable. Roughly, being dis-
tinguishable means that they differ in the number of realizations
each gives for some formula. Being non-distinguishable turns out
to be an interesting equivalence relation that is weaker than iso-
morphism and stronger than elementary equivalence. We show
that this equivalence relation is Borel in a Polish space that codes
countable structures. It then follows, without assuming the Con-
tinuum Hypothesis, that for any first order theory in a countable
language, if it has an uncountable set of countable models that
are pairwise distinguishable, then actually it has such a set of
continuum size. We show also, as an easy consequence of our re-
sults, that Vaught’s conjecture holds for the language with only
one unary relation symbol.
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The subject of this paper relates to the famous conjecture of Vaught.
Vaught’s conjecture states that the number of countable models (non-
isomorphic) of a first-order theory is either countable or continuum.
Settling the conjecture stills an open problem since 1961. It turns out
interesting to study the conjecture for equivalence relations other than
isomorphism between models. For example, it is well known that the
conjecture holds if we consider elementary equivalence. Here we show
that the conjecture holds for some stronger equivalence relation. We
also give an example in which our equivalence relation is as strong as
isomorphism.
1
Basics
Our system of notation is mostly standard, but the following list may
be useful. Throughout, both ω and N denote the set of natural numbers
{0, 1, 2, . . .} and for every n ∈ ω we have n = {0, . . . , n − 1}. Let A
and B be sets. Then AB denotes the set of functions whose domain
is A and whose range is a subset of B. In addition, |A| denotes the
cardinality of A and P(A) denotes the power set of A, that is, the set
of all subsets of A. If f : A −→ B is a function and X ⊆ A, then
f∗(X) = {f(x) : x ∈ X}. Moreover, f−1 : P(B) −→ P(A) acts between
the powersets. Let <ωω denote the set of finite sequences of naturals.
We recall now some notions. Let L denote a non-empty countable
relational language (this entails no loss of generality): L = (Ri)i∈I where
I is a non-empty countable index set and Ri is an ni-ary relation symbol.
Denote by XL the space
XL =
∏
i∈I
2(N
ni ).
We view the space XL as the space of countably infinite L-structures,
identifying every x = (xi)i∈I ∈ XL with the structure
Ux = (N, R
Ux
i )i∈I ,
where RUxi (s¯) ⇔ xi(s¯) = 1, for s¯ ∈ N
ni . We call x the code for the
L-structure Ux.
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Lω1ω is an infinitary language. There is a countably infinite set of
variables. The atomic formulas are those of the form Ri(v1, . . . , vni),
where Ri is a relation symbol of L and vj ’s are arbitrary variables.
The formulas of Lω1ω are built up from these formulas using negation,
(first order) quantifiers, and finite or countably infinite conjunctions and
disjunctions (of sets of formulas whose variables come from a fixed finite
set). For ϕ, a formula of Lω1ω, let ∆ϕ denote the set of its free variables.
A formula of Lω1ω that has no free variables is called a sentence.
A fragment F of Lω1ω is a set of formulas in Lω1ω containing all
atomic formulas, closed under subformulas, negation, quantifiers and
finite conjunctions and disjunctions.
Definition 0.1. For ϕ(= ϕ(v¯)) a formula of Lω1ω and s¯ a finite sequence
from N of appropriate length (i.e, s¯ ∈ |∆ϕ|ω), let
Mod(ϕ, s¯) = {x ∈ XL : Ux |= ϕ[s¯]},
where ϕ[s¯] denotes the sentence obtained from the formula ϕ(v¯) by
substituting s¯ for the free variables. (If ϕ is a sentence, we writeMod(ϕ)
for Mod(ϕ, ())).
Let tF be the topology on XL generated by BF = {Mod(ϕ, s¯) : ϕ ∈
F, s¯ ∈ |∆ϕ|ω}. By a result of Sami (see [3]), if F is a countable fragment,
then tF is a Polish topology on XL.
Definition 0.2. Let F be a fragment of Lω1ω and let A ⊆ F . We say
that x, y ∈ XL (or their corresponding structures) are distinguishable in
A, if there is ϕ ∈ A such that |ϕx| 6= |ϕy|, where ϕx = {s¯ ∈ |∆ϕ|ω :
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Ux |= ϕ[s¯]}. (It is clear that if two structures are distinguishable, then
they are non-isomorphic). Notice that, if ϕ is a sentence, then for all x,
either ϕx is empty or else contains only the empty sequence.
The Equivalence Relation(s)
Let F be a fragment of Lω1ω and A ⊆ F . Let EA be the following
equivalence relation on XL:
EA = {(x, y) ∈ XL ×XL : for all ϕ ∈ A, |ϕ
x| = |ϕy|}.
Let us now state the main theorem of the paper.
Theorem 0.3 (Main theorem). For F a fragment of Lω1ω and A ⊆ F
countable, EA is Borel in the product topology (XL, tF )× (XL, tF ).
It should be remarked that the proofs in this paper hold for lan-
guages with or without equality. We also present, in Remark 0.5 a
shorter proof of our Main Theorem using languages with equality.
Our next proof of Theorem 0.3 needs the development of some tools
that will enable us to express appropriately sentences talking about
sets, sentences like “the following two sets X,Y are of the same size”.
Let µ be a bijection between N and <ωω. Then we can easily see
that for a set X ⊆ <ωω:
X is infinite iff (∀n)(∃m > n)µ(m) ∈ X.
Suppose now for X,Y subsets of <ωω, we want to say that |X| = |Y | <
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ω. We show that the following sentence states appropriately what we
want: “ There is n < ω and there are injective maps f, g : n −→ <ωω
such that (∀t)[t ∈ X ⇔ g(f−1(t)) ∈ Y ] and (∀t)[t ∈ Y ⇔ f(g−1(t)) ∈
X]”.
First we show that |X| = |Y | < ω iff There is n < ω and there
are injective maps f, g : n −→ <ωω such that f∗(g−1(Y )) = X and
g∗(f−1(X)) = Y . Indeed, let Inj(n,<ωω) denote the set of all injections
from n into <ωω. Then,
|X| = |Y | ∈ ω ⇐⇒ (∃n)(∃f, g ∈ Inj(n,<ωω))(f∗(n) = X ∧ g∗(n) = Y )
=⇒ (∃n)(∃f, g ∈ Inj(n,<ωω))(f∗(g−1(Y )) = X∧
g∗(f−1(X)) = Y )
=⇒ (∃n)(∃f, g ∈ Inj(n,<ωω))(X ⊆ f∗(n) ∧ Y ⊆ g∗(n)
∧ g−1(Y ) = f−1(X))
=⇒ (∃n)(∃f, g ∈ Inj(n,<ωω))(|X| = |f−1(X)| ∧ |Y | =
|g−1(Y )| ∧ |g−1(Y )| = |f−1(X)|)
=⇒ |X| = |Y | ∈ ω.
Note that the second implication is the desired expression. It remains to
analyze “f∗(g−1(Y )) = X” (and similarly will be “g∗(f−1(X)) = Y ”).
For h, an injective map from a subset of ω into ω, let h−1 denote
also the map from Range(h) to ω that sends t ∈ Range(h) to the unique
element in h−1({t}). Remark now that, for f and g like above, because
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they are injective we have:
f∗(g−1(Y )) = X ⇐⇒ (∀t)[t ∈ X ⇔ (∃s)(s ∈ Y ∧ f(g−1(s)) = t)]
⇐⇒ (∀t)[t ∈ X ⇔ (∃s)(s ∈ Y ∧ g−1(s) = f−1(t))]
⇐⇒ (∀t)[t ∈ X ⇔ (∃s)(s ∈ Y ∧ s = g(f−1(t)))]
⇐⇒ (∀t)[t ∈ X ⇔ g(f−1(t)) ∈ Y ].
Now after knowing the appropriate way for expressing “|X| = |Y |”,
we are ready to prove our main theorem.
Proof. We use the above work to show that EA is Borel. The following
are just direct steps carried out in detail. We have
EA = {(x, y) : (∀ϕ ∈ A)(|ϕ
x| = |ϕy|)}
=
⋂
ϕ∈A
{(x, y) : |ϕx| = |ϕy|}
=
⋂
ϕ∈A
[
{(x, y) : |ϕx| = |ϕy| ∈ ω} ∪ {(x, y) : |ϕx|, |ϕy | are both infinite}
]
=
⋂
ϕ∈A
[
{(x, y) : (∃n)(∃f, g ∈ Inj(n,<ωω))(f∗(g−1(ϕy)) = ϕx∧
g∗(f−1(ϕx)) = ϕy)} ∪ {(x, y) : (∀n)(∃m,k > n)(µ(m) ∈ ϕx ∧ µ(k) ∈ ϕy)}
]
=
⋂
ϕ∈A
[⋃
n
⋃
f,g∈Inj(n,<ωω)
{(x, y) : f∗(g−1(ϕy)) = ϕx ∧ g∗(f−1(ϕx)) = ϕy}∪
⋂
n
⋃
m,k>n
{(x, y) : µ(m) ∈ ϕx ∧ µ(k) ∈ ϕy}
]
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=
⋂
ϕ∈A
[⋃
n
⋃
f,g∈Inj(n,<ωω)
{(x, y) : (∀t ∈ <ωω)(t ∈ ϕx ⇔ g(f−1(t)) ∈ ϕy)∧
(∀t ∈ <ωω)(t ∈ ϕy ⇔ f(g−1(t)) ∈ ϕx)} ∪
⋂
n
⋃
m,k>n
{(x, y) : x ∈Mod(ϕ, µ(m))∧
y ∈Mod(ϕ, µ(k))}
]
=
⋂
ϕ∈A
[⋃
n
⋃
f,g∈Inj(n,<ωω)
⋂
t∈<ωω
{(x, y) : (t ∈ ϕx ⇔ g(f−1(t)) ∈ ϕy)∧
(t ∈ ϕy ⇔ f(g−1(t)) ∈ ϕx)} ∪
⋂
n
⋃
m,k>n
(Mod(ϕ, µ(m)) ×Mod(ϕ, µ(k)))
]
=
⋂
ϕ∈A
[⋃
n
⋃
f,g∈Inj(n,<ωω)
⋂
t∈<ωω
{(x, y) : [x ∈Mod(ϕ, t)⇔ y ∈Mod(ϕ, g(f−1(t)))]∧
[y ∈Mod(ϕ, t)⇔ x ∈Mod(ϕ, f(g−1(t)))]} ∪
⋂
n
⋃
m,k>n
(Mod(ϕ, µ(m))×
Mod(ϕ, µ(k)))
]
=
⋂
ϕ∈A
[⋃
n
⋃
f,g∈Inj(n,<ωω)
⋂
t∈<ωω
(
{(x, y) : x ∈Mod(ϕ, t)⇔ y ∈Mod(ϕ, g(f−1(t)))}∩
{(x, y) : y ∈Mod(ϕ, t) ⇔ x ∈Mod(ϕ, f(g−1(t)))}
)
∪
⋂
n
⋃
m,k>n
[Mod(ϕ, µ(m))
×Mod(ϕ, µ(k))]
]
=
⋂
ϕ∈A
[⋃
n
⋃
f,g∈Inj(n,<ωω)
⋂
t∈<ωω
(
{(x, y) : [x ∈Mod(ϕ, t) ∧ y ∈Mod(ϕ, g(f−1(t)))]∨
[x /∈Mod(ϕ, t) ∧ y /∈Mod(ϕ, g(f−1(t)))]} ∩ {(x, y) : [y ∈Mod(ϕ, t)∧
x ∈Mod(ϕ, f(g−1(t)))] ∨ [y /∈Mod(ϕ, t) ∧ x /∈Mod(ϕ, f(g−1(t)))]}
)
∪
⋂
n
⋃
m,k>n
[Mod(ϕ, µ(m)) ×Mod(ϕ, µ(k))]
]
7
=
⋂
ϕ∈A
[⋃
n
⋃
f,g∈Inj(n,<ωω)
⋂
t∈<ωω
((
[Mod(ϕ, t) ×Mod(ϕ, g(f−1(t)))] ∪ [Mod(¬ϕ, t)×
Mod(¬ϕ, g(f−1(t)))]
)
∩
(
[Mod(ϕ, f(g−1(t)))×Mod(ϕ, t)] ∪ [Mod(¬ϕ, f(g−1(t)))×
Mod(¬ϕ, t)]
))
∪
⋂
n
⋃
m,k>n
[Mod(ϕ, µ(m)) ×Mod(ϕ, µ(k))]
]
.
It follows now, from Theorem 0.3, that when F is countable (so that
tF is Polish), EA satisfies the Glimm-Effros Dichotomy (see [1]). Thus,
it has either countably many equivalence classes or else perfectly many
classes.
Corollary 0.4. Let T be an Lω1ω sentence (this includes first order the-
ories in countable languages). If T has an uncountable set of pairwise
distinguishable (in any countable fragment of Lω1ω) countable models,
then it has such a set of size 2ℵ0 (and so has 2ℵ0 non-isomorphic count-
able models).
Proof. Let F be a countable fragment of Lω1ω. LetM
T denote the Borel
subset of XL that corresponds to models of T . M
T is a standard Borel
space with the topology induced by tF . It follows, by a result of Silver
(see [4]), that the restriction of EF to M
T (which is Borel) has either
countably many equivalence classes or else perfectly many.
It also follows from our results that Vaught’s conjecture holds for
the very simple language L = {R} where R is a unary relation symbol.
To see this, we just need to notice that two L-structures are isomorphic
iff their codes in XL = 2
N are equivalent w.r.t. E{R(v),¬R(v)} . For more
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details, assume that for x, y ∈ XL, |R
x| = |Ry| and |(¬R)x| = |(¬R)y|
(note that (¬R)x = N \ Rx). Then there are bijections τ : Rx −→ Ry
and σ : N \ Rx −→ N \ Ry. Clearly, θ = τ ∪ σ is a permutation of N.
Moreover, it is an isomorphism from Ux onto Uy because
(∀s ∈ N)(x(s) = 1⇐⇒ y(θ(s)) = 1).
The last talk can also be restated in the language of Polish group actions.
This gives us a simple example of a continuous action of the Polish group
S∞ (the symmetry group of N) on the Polish space XL with Borel orbit
equivalence relation (XL is equipped with any of the the topologies tF
defined above). Our action is J : S∞ × 2
N −→ 2N, defined by
J(g, x) = y ⇐⇒ x ◦ g−1 = y.
Recall that this action is continuous (see [3]). Clearly, J(g, x) = y iff g
is an isomorphism from Ux onto Uy. By the above discussion, the orbit
equivalence relation is Borel.
Remark 0.5. Let F be a countable fragment of Lω1ω and A ⊆ F.
Assume our language L with equality. Let L∗ = L0 ∪ L1 where L0 and
L1 are disjoint copies of L. Then, XL∗ ∼= XL ×XL.
For each formula ϕ ∈ A, let ϕ∗ be the sentence
∧
n∈ω
(∃nx¯)ϕ0(x¯)↔ (∃
nx¯)ϕ1(x¯)
where ϕ0, ϕ1 are the copies of ϕ in L0, L1 respectively, and ∃
n is a
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shorthand for “there exists at least n tuples such that ...”
It is then immediate that (x, y) ∈ EA iff the structure U of L
∗ such
that U|L0 = Ux and U|L1 = Uy satisfies
∧
ϕ∈A ϕ
∗. This means that our
equivalence relation between structures corresponds to the Borel subset
of XL∗ of models of the formula
∧
ϕ∈A ϕ
∗.
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